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Outline 

• The geographic context 

• Geostatistics 

• Non-linear models 

• Discrete processes 

• Time interactions 

• Showcase: catchment area models in 
Zambia 
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So far… 

• Different models: 
– Regression 
– Classification 
– Clustering 

• How they work: 
– Relation between 𝑿𝑿 {inputs/features} and 𝒚𝒚  {output} 
– Distance/similarity between objects inputs 
– Distance/similarity between output instances 
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Geographic context 

• Some problems have a spatial context 

that should not be dismissed 
– Road accidents 

– Pollution studies 

– Household income 

– Health studies 

• Any difference if 𝑿𝑿  are coordinates? 
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Geostatistics 

• Geostatistics is a field concerned with 
continuous spatial variation. 

• We have random realizations of a process 𝑧𝑧 at 
any location 𝒙𝒙 = (𝑥𝑥1, 𝑥𝑥2), 

𝑧𝑧 𝒙𝒙 =  𝜇𝜇 +  𝜀𝜀(𝒙𝒙) 

• There is a spatial correlation at some scale 
given by 

𝐶𝐶 𝒉𝒉 = 𝜀𝜀(𝒙𝒙)𝜀𝜀(𝒙𝒙 + 𝒉𝒉)  
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𝑦𝑦 =  𝜇𝜇 + 𝑓𝑓𝒙𝒙 

𝑲𝑲𝑓𝑓𝑓𝑓 = 𝐾𝐾(𝒙𝒙1, 𝒙𝒙2) 
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Random variable 

Random process 



Stationarity 

• Stationarity allows to assume the same degree 
of variation from place to place.  

• Weaker assumption:  
– Constant mean 
– Covariance depends on the separation of points, but 

no their location 
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All that matters are the orientated 
distances between the points 
• Gaussian distributions are defined by their first 

two moments. 

• Centered Gaussian distributions are uniquely 
defined by their covariance.  

• The study of Gaussian processes is in many 
ways the study of covariance functions. 
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Kriging 

• A generic term for a range of least square 
methods to compute best linear unbiased 
predictors (BLUP) for spatial modelling. 
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Only linear? 

• Linear regression model 
𝑦𝑦 =  𝜇𝜇 + 𝑓𝑓𝒙𝒙 

• Generalized linear model 
𝜂𝜂 =  𝜇𝜇 + 𝑓𝑓𝒙𝒙 
𝑦𝑦 = 𝑔𝑔(𝜂𝜂) 

• With a non-linear transformation exact inference 
becomes analytically intractable. 

• Solutions: MCMC, Laplace approximation, 
expectation propagation, etc. 
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Only continuous processes? 

• A point process is a stochastic process 
characterized by generating a countable set of 
events 𝒙𝒙1, 𝒙𝒙2, …  across a region. 
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Only continuous processes? 

• A point process is a stochastic process 
characterized by generating a countable set of 
events 𝒙𝒙1, 𝒙𝒙2, …  across a region. 

• Poisson process 
𝑦𝑦 ~ Poisson(𝜆𝜆) 

• Log-Gaussian Cox process 
 𝜆𝜆 = exp 𝜇𝜇 + 𝑓𝑓𝒙𝒙  
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Time context 

• Temporal variation can be equally important. 
𝜂𝜂 =  𝜇𝜇 + 𝑓𝑓𝒙𝒙 + [𝑡𝑡] 

– Parametric 

𝜂𝜂 =  𝜇𝜇 + 𝑓𝑓𝒙𝒙 + 𝛽𝛽𝑡𝑡 
– Non-parametric 

𝜂𝜂 =  𝜇𝜇 + 𝑓𝑓𝒙𝒙 + 𝑓𝑓𝑡𝑡 
𝜂𝜂 =  𝜇𝜇 + 𝑓𝑓(𝒙𝒙,𝑡𝑡) 
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Catchment area model in Zambia 

• Hospitals records are an imperfect measure of 
disease incidence: 
– Only individuals who sought treatment 
– Patients home address is often unknown 

• Objectives:  
– Understand the drivers of treatment seeking 
– Estimate the spatial distribution of the patients 

attending a health facility 
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Information used 
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Main roads 

Elevation 

Land cover 

Health facilities location Sample of 
household location and facilities 
attended 



Travel cost to reach the closest 
facility 
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Seek 
treatment? 



Spatiotemporal model to define the 
likelihood of seeking treatment 
• Let the number of people seeking for treatment be 

modeled as 
𝑦𝑦 ~ Binomial(𝑝𝑝, 𝑛𝑛) 

logit 𝑝𝑝 = 𝜇𝜇 + 𝛽𝛽𝑑𝑑𝒙𝒙 + 𝑓𝑓𝒙𝒙 + 𝑓𝑓𝑡𝑡 

• Where 𝜇𝜇 and 𝛽𝛽 are constants 

• 𝑑𝑑𝒙𝒙 is the travel cost of a patient located in 𝒙𝒙 to get 
to a health facility 

• 𝑓𝑓𝒙𝒙 and 𝑓𝑓𝑡𝑡 are spatial and temporal random 
processes 
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Observed data per year 
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Time process 
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Information across 
years was captured 
by different types of 
surveys.  
This introduces a 
variation that is 
independent from 
the spatial process. 
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Where to go? 



Huff model 

• Let the probability of a patient attending a 
health facility be given by 

𝑝𝑝𝑖𝑖𝑖𝑖 =
𝑢𝑢𝑖𝑖𝑖𝑖
∑ 𝑢𝑢𝑖𝑖𝑖𝑖𝑗𝑗

 

• Where 𝑢𝑢𝑖𝑖𝑖𝑖 is the utility level of patient 𝑖𝑖 when 
attending facility 𝑗𝑗. 

• We assume the utility is a function of the health 
facility attributes. 
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Our implementation 

𝑢𝑢𝑖𝑖𝑖𝑖 =  𝑒𝑒𝜏𝜏𝑗𝑗 𝑏𝑏𝑖𝑖𝑖𝑖
𝛽𝛽  𝑑𝑑𝑖𝑖𝑖𝑖𝛿𝛿  

• Where 
– 𝜏𝜏 is a parameter that depends on the type of health 

facility, 

– 𝑏𝑏𝑖𝑖𝑖𝑖 is the number of health facilities with a lower travel 
cost, wrt. patient 𝑖𝑖, than facility 𝑗𝑗. 

– 𝑑𝑑𝑖𝑖𝑖𝑖 is the travel cost for patient 𝑖𝑖 of visiting facility 𝑗𝑗. 
– 𝛽𝛽 and δ are parameters of the model. 
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Linear model 

• Then we have that 

𝑝𝑝𝑖𝑖𝑖𝑖 =
𝑒𝑒𝜏𝜏𝑗𝑗 𝑏𝑏𝑖𝑖𝑖𝑖

𝛽𝛽  𝑑𝑑𝑖𝑖𝑖𝑖𝛿𝛿

∑ 𝑒𝑒𝜏𝜏𝑗𝑗 𝑏𝑏𝑖𝑖𝑖𝑖
𝛽𝛽  𝑑𝑑𝑖𝑖𝑖𝑖𝛿𝛿𝑗𝑗

 

• Dividing by the geometric mean 𝜇𝜇�(𝑝𝑝𝑖𝑖:), we have 

𝑦𝑦𝑖𝑖𝑖𝑖 = 𝜏𝜏𝑗𝑗 + 𝛿𝛿 log
𝑑𝑑𝑖𝑖𝑖𝑖

𝜇𝜇�(𝑑𝑑𝑖𝑖:)
+ 𝛽𝛽 log

𝑏𝑏𝑖𝑖𝑖𝑖
𝜇𝜇�(𝑏𝑏𝑖𝑖:)

 

• Where 𝑦𝑦𝑖𝑖𝑖𝑖 =  log 𝑝𝑝𝑖𝑖𝑖𝑖
𝜇𝜇�(𝑝𝑝𝑖𝑖:)
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How to sample? 

• We do not have a set of preferences 𝑝𝑝𝑖𝑖𝑖𝑖 for 
each patient. 

• Just the one facility they visited. 

• Assume every patient chooses a health facility 
in a similar way.  

• Then the set of facilities attended are a 
realization of the same decision process. 
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Number of facilities attended by travel 
cost and type 
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The travel costs 
between each 
patient’s household 
and the facility they 
attended 



Availability of facilities by travel cost 
and type 

UCSF GLOBAL HEALTH GROUP’S MALARIA ELIMINATION INITIATIVE (MEI) 32 

The travel costs 
patient’s household 
and all the health 
facilities in the 
survey 



Weighted frequency by travel cost 
and type 
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The number of 
facilities attended 
by group/type was 
scaled by the 
number of facilities 
available by 
group/type and 
divided so that they 
add up to 1. 



Now we can learn the model 
parameters 

UCSF GLOBAL HEALTH GROUP’S MALARIA ELIMINATION INITIATIVE (MEI) 34 



Catchment areas 

• For every point in the country we can now estimate the 
preferences towards the surrounding health facilities. 

• These preferences define catchment areas with soft 
boundaries. 
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Catchment areas estimated for 8  
facilities in Zambia.  
Left: catchment areas defined by 
points with a probability >. 1 of 
attending that facility.  
Right: catchment areas defined by 
points with a probability of > .05 of 
attending the facility 



How is this linked to the incidence? 

• Let the number of patients received by health 
facility 𝑗𝑗 be 

𝑛𝑛𝑗𝑗 = Poisson(λ𝑗𝑗(𝒙𝒙)) 

• Where λ𝑗𝑗(𝒙𝒙) ∝ 𝑓𝑓Pop 𝒙𝒙 × 𝑓𝑓Seek 𝒙𝒙 × 𝑓𝑓Catch 𝒙𝒙  

• Since we know the number of patients 𝑛̇𝑛𝑗𝑗 that 
visited each facility, we can set the constraint 

𝑛̇𝑛𝑗𝑗 = ∫ 𝜆𝜆𝑗𝑗 𝒙𝒙 𝑑𝑑𝒙𝒙 
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Preliminary results 
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Catchment surface of a 
health facility defined by 
the (log) probability that 
the surrounding points 
attend it. 



Preliminary results 
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Combined catchment 
surfaces of different 
facilities 



Preliminary results 
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Log intensity of the 
Poisson process after 
applying the constraint 

𝑛̇𝑛𝑗𝑗 = ∫ 𝜆𝜆𝑗𝑗 𝒙𝒙 𝑑𝑑𝒙𝒙 
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